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ABSTRACT 

a .  
- .  

A table i o  presented to f a c i l i t a t e  the 
* 

. calculat ion of the Faxen approximation to 

the  concentration and concentration gradient. . 

The table  is accurate to  within one figure 

i n  the l a s t  place,  and can be used both 

for no sedimentation dependence on concentration 

and for the dependence 9 = go( 1 - kc) . - 
\' 
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/ /  

. 
I- , .  

. 



* 
I 

The Fax& approximation t o  t h e  so lu t ion  of t h e  Larmn 

equation has proved t o  be of considerable u t i l i t y  i n  

t h e  ana lys i s  of data fram veloc i ty  sedimentation 

experiments w i t h  t h e  u l t racent r i fuge ,  [ll. It has 

' r e c e n t l y  been Shawn t h a t  t h e  Fax& so lu t ion  t o  t h e  

nonl inear  Lam equation which a r i s e s  when the sedimentation 

c o e f f i c i e n t  s is re l a t ed  t o  concentrat ion c by s=s (1-kc) 
-4 - - 

t 
can be wr i t t en  i n  terms of t h e  Faxen so lu t ion  for &=O,r21. 

Because of -. t h i s  w i d e  <range of a p p l i c a b i l i t y  of t h e  Fax& 

solu t ion ,  it is appropriate  t o  present  a t a b l e  t o  

f a c i l i t a t e  t h e  ca lcu la t ion  of concentrat ion and 

concentrat ion gradient,s  i n  t h a t  approximation, - The 

best known of earlier, eqpivalent tab les ;  are those 

a 

// 

a of O p l e r  and Miester,r32. Their t abula t ion  g ives  very 

f e w  values of t h e  re levant  funct ion i n  t h e  range of + 

of i n t e r e s t  f o r  u l t racent r i fuge  work: A thorough ana lys i s  

. ,  , '  of mathematical 1 .  .propert ies  o f - ' t he  funct ion a r i s h g  

I 
from t h e  Fwen so lu t ion  has  been published by Goldstein,*'[4!, 

O t h e r  appl ica t ions  of t h e  tabulated funct ion are t o  be 

. .  . 

found i n  t h e  theory of n 0 i s e , ~ 5 1 ,  and i n  t h e  theory of 

i on  exchange 'columns, r61. 

. L e t  us  smmarize the  re levant  facts on t h e  Faxen 
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ul t racent r i fuge  is &*t) 8 where E is the radius and 

. t h e  t h e ,  w i t h  =k80)=s0, a constant.  L e t &  denote 

r a d i a l  d i s tance  t o  t h e  meniscus, 

revolut ion,  2 t h e  d i f fus ion  coef f ic ien t .  

so lu t ion  is most.conveniently m i t t e n  i n  terxns of t h e  

new variables: 

the  frequency of 

The Fwen  

1 

8 I 

2 2 
\ epc/co8 x=(r/ro) , 7=2w sot 

(1) I 

-7 
.J . ’xX c=l-e 

2 
,=2D/(soU) r 2 ) ,  z= 

When &=O, or equivalently,  when F 0 8  the Pax& 

0. 0 
,=kc 

I 

expression for e(z ,C)  is i 

I 

(2) . *o(z8c~=-J’ 2 4  1-5 c e- Ie(*)&G. 
* 

When a>o we have 

. 
< 1-3 e.(‘L: 3.) e - 7 * C h - j  2a 3 (3) 

e , p , q  e 1- 3 
1- A 3  

I- Q+4)3 

I 

! 
1 

.._ - 
where 

. .  
. .  
. -. _.I_.. . . . . . 
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In the foilowing pages we tabulate values of the 

- .  functions . 

- .  

accurate to  a t  l e a s t  four places with a possible  error 

of 1 i n  the l a s t  place. The intervals  of tabulation i q  

each value of rl we.choose fram 28 t o  80 steps in y so" . 

' that '(y(Y,r)) lies i n  the range ( - 0 0 5 , ~  -995) 
* 

The solutions for concentration and concentration 
. -  

' ' .gradients i n  terms of the  tabulated,functions are 
_. 
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I - * . .  -- - The ' i n t e g r a l s  w e r e  evaluated using 'Simpson's ru l e .  
- .  

. .  .I I 

I The i n t e r v a l  of integrat ion was  varied from 2xlO-' to 
-3 ' 

' 10 for d i f f e r e n t  values of y and '1, SO as always t o  

* m e e t  t h e  requirements of accuracy. The in tegra t ion  was I 
I 

stopped when t h e  integrand was less than 10 -25 . 
check on our accuracy, the  in tegra t ion  was performed 

As a 

t w i c e ;  once over t h e  in t e rva l  (2 ,  ") and once over t h e  
' I  

i n t e r v a l  (O,2) with the appropriate  i n t k r a l s  derived 
- 1  

I 

a .  from t h e  formulas 
. -~.. 

- .  
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and 

Since t h e  arqument of t he  B e s s e l  funct ions was 

always g rea t e r  than 1200, t he  asymptotic expansions 

32 + 3252 X 

2 : ( 8 ~ ) ~  . 3 : ( 8 ~ ) ~  

3.5 3.5.7 2 - ./. .] X 

3: 2 -  2: (8x1 
. fl(x) - e p7 

w e r e  used t o  evaluate  these Bessel functions.  

A l l  t h e  ca lcu la t ions  are accurate  t o  wi th in  one 

f igu re  i n  the  f i f t h  place.  Eight p lace  t a b l e s  are 

ava i l ab le  from t h e  authors, as w e l l  a s  a t abu la t ion  

for t h e  range -001 < '1 L ,01. 
. .  
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